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Accretion onto a Kiselev black hole
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We consider accretion onto a Kiselev black hole. We obtain the fundamental equations for accre-
tion without the back-reaction. We determine the general analytic expressions for the critical points
and the mass accretion rate and find the physical conditions the critical points should fulfill. The
case of polytropic gas are discussed in detail. It turns out that the quintessence parameter plays an
important role in the accretion process.
PACS numbers: 04.70.-s, 04.70.Bw, 97.60.Lf
I. INTRODUCTION
A number of astronomical observations confirmed that the universe is undergoing an accelerated expansion. In order
to explain this phenomenon, an unknown energy component, dubbed dark energy, must have been introduced in the
framework of general relativity. The simplest candidate is the cosmological constant model which is consistent with
most of the current astronomical observations; however, it suffers from the cosmological constant problem [1–3] and
maybe the age problem [4] as well. It is thus natural to consider other complicated cases. A dynamic scalar field can
also serve as the dark energy component such as quintessence, phantom, k-essence, etc. Quintessence is the simplest
scalar field dark energy model without having theoretical problems like Laplacian instabilities or ghosts. The energy
density and the pressure of quintessence vary with time depending on the scalar field and the potential, which are,
respectively, given by ρ = 12 φ˙
2+V (φ) and p = 12 φ˙
2−V (φ). One Schwarzschild-like solution related to the quintessence
model was found in [5]. The solution describes a spherically symmetric and static exterior spacetime surrounded by
a quintessence field. The gravitational lensing due to this Schwarzschild-like black hole was investigated in [6]. Here,
we consider accretion of matter onto this type black hole. We will discuss the critical radius, critical fluid velocity,
the speed of sound, the mass accretion rate, and so on.
Accretion of matter onto black hole is an important phenomenon of long-standing interest to astrophysicists.
Pressure-free gas being dragged onto a massive central object was examined in [7, 8]. This study was generalized
to the case of the spherically symmetric and transonic accretion of adiabatic fluids onto astrophysical objects [9].
The steady-state spherical symmetric flow of matter into or out of a condensed object in the framework of general
relativity was investigated in [10]. Issues of the critical points of accretion were discussed in [11, 12]. Accretion has
been analyzed in various cases in the literature, including onto a charged black hole [10, 13], onto a Kerr-Newman
black hole [14–16], onto a Reissner-Nordstrom black hole [17], onto a moving black hole [18], onto a higher dimensional
black hole [19–22], onto a black hole in a string cloud background [23], and onto cosmological black holes or onto
Schwarzschild-(anti-)de Sitter spacetimes [24–26]. Quantum gravity corrections to accretion onto a Schwarzschild
black hole were considered in the context of asymptotically safe scenario [27]. Accretion of phantom energy onto a
black hole may decrease the black-hole mass [28, 29], however, it may not be the case if using solutions describing
black holes in a Friedmann-Robertson-Walker universe [30]. In [31], an exact solution was derived for one or two dust
shells collapsing towards a pre-existing black hole.
The rest of the paper is organized as follows. In the next section, we will present the fundamental equations for
matter accreting on to a Kiselev black hole. In Sect. III, we will determine the critical points and the conditions they
must fulfill. In Sect. IV, as an application, we will discuss the case of polytropic gas in detail. Finally, we will briefly
summarize and discuss our results in Sect. V.
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2II. BASIC EQUATIONS FOR ACCRETION
We consider a static and spherically symmetric black hole surrounded by the quintessence, its geometry is given by
[5]
ds2 = −f(r)dt2 + f−1(r)dr2 + r2(dθ2 + sin2 θdϕ2), (1)
where
f(r) = 1− 2M
r
− σ
r3w+1
(2)
where w = p/ρ is the equation of state of quintessence, σ is the quintessence parameter, and M is the mass of the
black hole measured by an observer at infinity. Here we take the units G = c = 1 and focus on the special case
w = −2/3, which describes a Schwarzschild-like black hole surrounded by quintessence
f(r) = 1− 2M
r
− σr. (3)
The horizons can be obtained by solving g00 = 0 and are found to be: r± = 1±
√
1−8Mσ
2σ with 0 < σ ≤ 18M . The region
r = r+ corresponds to the outer horizon while r = r− represents the inner horizon. For σ = 18M , it is a Schwarzschild
black hole with only one horizon, rh = 8M .
We suggest the steady-state radial inflow matter onto the Schwarzschild-like without back-reaction and treat the
quintessence as the background field. The matter is approximated as a perfect fluid specified by the energy-momentum
tensor
Tαβ = (ρ+ p)uαuβ + pgαβ (4)
where ρ and p are the proper energy density and the proper pressure of the fluid, respectively. The fluid 4-velocity
uα = dxα/ds obeys the normalization condition uµuµ = −1. The radial component of the 4-velocity is denoted as
u = dr/ds. For µ > 1 the components of velocity vanish, one can easily get
(u0)2 =
1− 2Mr − σr + u2(
1− 2Mr − σr
)2 . (5)
In the local inertial rest frame of the fluid, it is also usual to define the proper baryon number density n and the
baryon number flux Jµ = nuµ. The conservation of mass-energy for an adiabatic fluid is given by
0 = Tds = d
( ρ
n
)
+ pd
(
1
n
)
, (6)
from which we can obtain
dρ
dn
=
ρ+ p
n
. (7)
The adiabatic sound speed of the fluid is defined as
a2 ≡ dp
dρ
=
n
ρ+ p
dp
dn
. (8)
If no particle are created or destroyed, the conservation of particle number gives
Jµ;µ = (nu
µ);µ = 0, (9)
where ; denotes the covariant derivative with respect to the coordinate. For the Schwarzschild-like metric, Eq. (9)
can be rewritten as
1
r2
d
dr
(r2nu) = 0, (10)
for a perfect fluid it gives the integration as
r2nu = C1, (11)
3where C1 is an integration constant. Integrating equation (10) over the spatial volume and multiplying by the mass
of each particle, m, we derive
M˙ = 4pir2mnu. (12)
where m is the mass of the particle of the gas and M˙ is a constant of integration having dimensions of mass per unit
time. In fact, this is the Bondi mass accretion rate.
Assuming the accretion of adiabatic fluids does not disturb the global spherical symmetry of the black hole, the
ν = 0 component of the energy-momentum conservation T µν;µ = 0 gives
1
r2
d
dr
[
r2(ρ+ p)u
(
1− 2M
r
− σr + u2
)1/2]
= 0, (13)
which can be integrated
r2(ρ+ p)u
(
1− 2M
r
− σr + u2
)1/2
= C2, (14)
where C2 is an integration constant. Dividing Eqs. (14) and (11) and then squaring, we obtain(
ρ+ p
n
)2 [
1− 2M
r
− σr + u2
]
=
(
ρ∞ + p∞
n∞
)2
. (15)
The ν = 1 component of the energy-momentum conservation T µν;µ = 0 gives
u
du
dr
= −1−
2M
r − σr + u2
ρ+ p
dp
dr
− 1
2
(
2M
r2
− σ
)
(16)
Eqs. (12) and (15) are fundamental equations for the flow of matter onto the Schwarzschild-like black hole with the
back-reaction of matter ignored.
III. CONDITIONS FOR CRITICAL ACCRETION
In this section, we discuss the conditions for critical accretion. Differentiating Eqs. (11) and (16) with respect to
r, we obtain, respectively,
1
u
u′ +
1
n
n′ = −2
r
, (17)
uu′ +
(
1− 2M
r
− σr + u2
)
a2
n
n′ = −1
2
(
2M
r2
− σ
)
, (18)
where ′ = d/dr. We rewrite these two equations as
u′ =
N1
N
, (19)
n′ = −N2
N
, (20)
where
N1 =
1
n
[
2
r
(
1− 2M
r
− σr + u2
)
a2 − 1
2
(
2M
r2
− σ
)]
, (21)
N2 =
1
u
[
2u2
r
− 1
2
(
2M
r2
− σ
)]
, (22)
N =
u2 −
(
1− 2Mr − σr + u2
)
a2
nu
. (23)
4Assuming that the flow is continual at every point of spacetime, if the denominators on the right hand sides of
the equations (19) and (20) are zero at some points, their numerators must also be zero at these points to avoid
discontinuities in the flow. The resulting equations determine the critical point
N1 =
1
nc
[
2
rc
(
1− 2M
rc
− σrc + u2c
)
a2c −
1
2
(
2M
r2c
− σ
)]
= 0, (24)
N2 =
1
uc
[
2u2c
rc
− 1
2
(
2M
r2c
− σ
)]
= 0, (25)
and
N =
u2c −
(
1− 2Mrc − σrc + u
2
c
)
a2c
ncuc
= 0, (26)
where ac ≡ a(rc) and uc = u(rc) with rc denotes the position of the critical point. From Eqs. (24), (25), and (26), we
obtain the radial velocity and the speed of sound at the critical points, respectively,
u2c =
1
4
(
2M
rc
− σrc
)
, (27)
a2c =
u2c
1− 2Mrc − σrc + u2c
. (28)
Physically acceptable solutions of Eqs. (19) and (20) exist if u2c ≥ 0 and a2c ≥ 0, therefore we easily get

u2c =
1
4
(
2M
rc
− σrc
)
≥ 0,
a2c =
u2c
1− 2Mrc − σrc + u2c
=
1
4
(
2M
rc
− σrc
)
1− 3M2rc −
5
4σrc
≥ 0.
(29)
These equations give the conditions which the critical points must fulfill(
1−
√
1− 15
2
σM
)
2
5σ
< rc ≤
√
2M
σ
. (30)
For σ = 1/8M , this equation gives 12M/5 < rs ≤ 4M , meaning the critical points lie in the black hole. Because(
1−
√
1− 152 σM
)
2
5σ < r− <
√
2M
σ < r+ for 0 < σ < 1/8M , Eq. (30) implies that the critical points lie behind the
outer horizon, while the critical points in Schwarzschild spacetime can lie out of the horizon in the black hole [12].
IV. THE POLYTROPIC SOLUTION
In this section, we will consider the accretion rate for polytrope gas and calculate the gas compression or the
adiabatic temperature profile at the outer horizon.
A. Accretion for polytrope gas
We first calculate explicitly M˙ by assuming the accretion matter with the polytrope equation of state [9, 10]
p = Knγ, (31)
where the adiabatic index satisfies 1 < γ < 5/3 and K is a constant. Inserting this equation into the conservation
equation of mass-energy (6) and integrating, one can easily get
ρ =
K
γ − 1n
γ +mn, (32)
5where mn is the rest energy density with m an integration constant. With the definition of the speed of sound (8),
the Bernoulli equation (15) can be rewritten as
(
1 +
a2
γ − 1− a2
)2(
1− 2M
r
− σr + u2
)
=
(
1 +
a2∞
γ − 1− a2∞
)2
. (33)
Using the radial velocity (27) and the critical speed of sound (28), this equation should satisfy at the critical points(
1−
√
2
Mσ
a2c
)(
1− a
2
c
γ − 1
)2
=
(
1− a
2
∞
γ − 1
)2
. (34)
For rc ≤ r < ∞, the baryons still are non-relativistic, we can expect a2 < a2c ≪ 1 and expand (34) to the first order
in a2c and a
2
∞ to have
a2c ≈
1
1 + γ−1√
2Mσ
a2∞. (35)
We then can express the critical radius rc in terms of the boundary condition a∞ and the black-hole mass M as
rc ≈
[
1−
√
2
Mσ
a2c
]√
2M
σ
≈

1− 1√
Mσ
2 +
γ−1
2
a2∞

√2M
σ
. (36)
From Eqs. (8), (31) and (32), we get
γKnγ−1 =
ma2
1− a2/(γ − 1) . (37)
Since a2 ≪ 1, one has n ∼ a2/(γ−1) and
nc
n∞
≈
(
ac
a∞
) 2
γ−1
. (38)
Because equation (12) is independent of r, it must also hold at the critical points which we can use to determine the
Bondi accretion rate
M˙ = 4pir2mnu = 4pir2cmncuc (39)
=
8piM
σ
mn∞a∞

1− 2√
Mσ
2 +
γ−1
2
a2∞

(1 + γ − 1√
2Mσ
)− 1
γ−1
(
1 +
γ − 1√
2Mσ
−
√
2
Mσ
a2∞
)− 12
.
It is obvious that the quintessence parameter σ plays an important role in the accretion process. For rc ≤ r < ∞,
since a∞ ≪ 1, the accretion rate (39) reduces to M˙ ≃ 8piMσ mn∞a∞
(
1 + γ−1√
2Mσ
)−(γ+1)/2(γ−1)
.
B. Asymptotic behavior at the outer horizon
Near the outer horizon r = r+, the fluid velocity can be approximated by
v2 ≈ 2M
r
+ σr. (40)
At r+, the flow speed approximately equals the speed of light, v
2(r+) ≈ 1. Using equations (12), (39), and (40), we
derive the gas compression at the outer horizon,
nh
n∞
= A

2M
(
1 + (1− 8Mσ) 12
2σ
)3
+ σ
(
1 + (1− 8Mσ) 12
2σ
)5
− 12
, (41)
6where
A =
2Ma∞
σ

1− 2√
Mσ
2 +
γ−1
2
a2∞

(1 + γ − 1√
2Mσ
)− 1
γ−1
(
1 +
γ − 1√
2Mσ
−
√
2
Mσ
a2∞
)− 12
. (42)
Using equations (31) and (41), we obtain the adiabatic temperature profile at the outer horizon, assuming a Maxwell-
Boltzmann gas p = nkBT
Th
T∞
= Aγ−1

2M
(
1 + (1− 8Mσ) 12
2σ
)3
+ σ
(
1 + (1− 8Mσ) 12
2σ
)5
−γ−12
. (43)
Since a∞ ≪ 1 for rs ≤ r < ∞, the parameter A reduces to A = 2Ma∞σ
(
1 + γ−1√
2Mσ
)− γ+1
2(γ−1)
and further reduces to
A = 2Ma∞σ (2γ−1)
− γ+1
2(γ−1) for σ = 18M , so consequently we have
nh
n∞
= a∞(2γ−1)−
γ+1
2(γ−1) and ThT∞ = a
γ−1
∞ (2γ−1)−
γ+1
2 .
V. CONCLUSIONS AND DISCUSSIONS
Here we considered accretion onto a Kiselev black hole with static exterior spacetime surrounded by a quintessence
field. We obtained the fundamental equations for the flow of matter onto the black hole without the back-reaction.
We derived the general analytic expressions for the critical points and the mass accretion rate and determined the
physical conditions the critical points should fulfill. For a polytropic gas, we gave the explicit expressions for the mass
accretion, the gas compression, the temperature profile at the outer horizon. The results have shown that the accretion
rate and the critical points are clearly dependent on the quintessence parameter σ, which may be an observational
feature to incorporate in astrophysical applications.
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